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Abstract

The purpose of this research is to investigate the continuity on ¢,- space via ¢g-
continuous mapping. The findings found that the ¢ - continuous mapping obtained various

important properties in term of ¢, - closed set, ¢, - open set, ¢,- closure (cqs) g - interior
(iqs)and qs- kernel(kqs). Furthermore, the study also examined the results in relation to

4 - homeomorphism properties.
Keywords: ¢ - space, ¢ - continuous mapping, ¢s- homeomorphism
1. Introduction

Continuity was one of the main concepts for the most authors to study in any space
especially, generalized topological spaces which is early focus space for them. Csdaszar
(Cséaszar, 2002 a) introduced generalized open set and generalized continuity in generalized
topology. In addition, Csaszar (Csaszar, 2012 b) was the first who introduced the concept of
weak structure; it’s one of the generalized topology. The weak structure was extended to
generalized weak structure by Avila (Avila, 2012). After that, Janrongkam (Janrongkam, 2019)
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introduced the concept of quasi generalized weak structure. Later, Pongman (Pongman,
2019) introduce g-continuity and q* -continuity of quasi generalized weak spaces and to give
their equivalent forms. After that, Thongpan (Thongpan, 2019) extended quasi generalized
spaces to the notion bi — quasi generalized weak spaces, In the last spaces, they were
various variety of sets e.g. pq - interior sets, pg-closure and, Ladsungnern (Ladsungnern, 2020
a) introduced the concept pg-continuity and pg-homeomorphism and studied some
important properties of them. Recently, Ladsungnern (Ladsungnern, 2021 b) extended from

quasi generalized weak spaces to quasi generalized weak sum spaces (briefly, ¢ - space) and
studied the fundamental various properties of the set of ¢, - interior, g,-closure, ¢ - kernel,
s - exterior, ¢¢-boundary and (- derived in this space.

In this paper, the researcher introduced the concepts and studied some fundamental

properties of ¢- continuity, ¢- open and ¢ - closed mapping and ¢,- homeomorphism

on ¢, - space.
2. Preliminaries

In this section, we presented to basic concepts of ¢g- space and some fundamental
properties . All results were presented by Ladsungnern (2021).
Definition 2.1 Let {(Xl-,q,- ):iEI} be any collection of pairwise disjoint quasi

generalized weak spaces. Let @ x; =WU.x; and ¢g be a collection of subsets of @ x;

i€l i€l el

defined as follow: qs={U:Ug@Xi and U M X; qu}. The pair (@Xi,qs)is called

el i€l
the quasi generalized weak sum space of the space {(Xi (i ):iE I} and briefly g - space.
Each element of g is said to be ¢g- open and the complement of ¢, - open is called ¢ -
closed sets.

Example 2.2 Let xi={a,b}, q1={{a},{a,b}},

xi={cd.e}, p={{c}.{c.d}{c.d,e}}.

We obtained 7={1,2} , @Xi={a,b,c,d,e}and

5= {{a,c},{a,b,c},{a,c,d},{a,c,d,e},{a,b,c,d},{a,b,c,d,e}}‘
The ¢, - closed are @,{e},{b},{b,e},{d,e},{b,d,e}.

Throughout this paper, there are the symbols for use as follow:

1.(@Xi,qs) denoted by a ¢, - space of the space {(X,-,q,- ):iE I},

i€l
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2. gs- O(@Xi) denoted by the set of all g - open sets on @D x;.

il i€l

3. qs- C(@Xi )denoted by the set of all g, - closed sets on @ x;.

i€r er
Theorem 2.3 Let (@X,-,qs)be a ¢y-space, and 4 Q@Xi be ¢ - open set if
ier Il
A:U(Ale )

el

Note 2.4 1. If GEqS-O(@Xi) thenG = (G ) when Gi € ¢;-0(xi),i€E .

i€l i€l

2.If Fe qs—C(@Xi) then F= U(F)when F, € ¢;-c(x:),i €1

€1 i€1
Theorem 2.5 Let (@X;‘,qs ) be a ¢g-space, and 4,B are ¢, - open sets. Then
i€l
1. AUB is a g4- open set,
2. AMB is a q,- open set.

Theorem 2.6 Let (@X,-,qs ) be ¢y -space, and 4,B are gg- closed sets. Then
i€l
1.AUB is q- closed set,
2.AMB is q- closed set.
Definition 2.7 Let(@Xi,qs ) be a g, - space and AC @ x;. The set of all g, -

i€l i€l
interior of A denoted by igs (4), is defined by igs (A4) = U{U €qs- ()(@Xz’ ):UQA}.
i€l
In other word, a point xe A4 is said to be gs- interior point of 4 if there exist are
gs-open set U on @ x;such that xEUC 4.

icr

Theorem 2.8 Let (@IX,-,qS) be ¢s- aspace 4,BC@x;. then

i1
1. is(2)=12,

2 i (@)@ X,

3. igs Ac A4

4.1f AcB then ig(A4) cig (B)

5. 14 (A4) is a gs --open set.

6. 1gs (A) is the largest gs - open set contained in 4.

Theorem 2.9 Let (GzXl-,qs) be a gs- space, and 4C @ x;. Then

i€l
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1. Aegs- O(C‘DXi)if and only if A = iqs(A),

i€l

2. g (igs (4)) = igs (4).

Theorem 2.10 Let (@IXi,qs) be a ¢gs - space, Ag(@Xi). Then

i€l

igs (A) Uiy (AnX;).

il
Theorem 2.11 Let (G—)IX,»,(]S) be a ¢s - space, and 4,B < @ x;.Then
1 i€1
1. igs (A) Uigs (B) < igs (AUB),
2 i (AnB) =i (A) A iy (B).
Definition 2.12 Let (gXi’qS) be a gs- space, and Ag(@Xi ) . The gs - closure

i€r
of A, denoted by Cqs (4), is defined by Cgs (A),Zm{FEqs-C(@Xi):AgF}.
i€l

Theorem 2.13 Let (QXZ-,qS) be a ¢s - space, and 4,8 @ x;. Then

i€l
1oa (9%,),
ZAAQCqs (A),
3.1f ACB then ¢4 (4)cces(B),
4. Cys (A) isa ¢s- closed set,
5. Cgs (A) is the smallest gs - closed set containing 4,
6. AC qs-C((‘DXi)Iqus(A):A.

i€l

Theorem 2.14 Let (@Xi,qs) be a gs - space, and 4 @ x;.Then
iel -

1. [igs ()] =y (42),
2. [ligs (4°) ]=cas (4)".

Theorem 2.15 Let (QXi,qs) be a ¢s - space, and 4C @ x;.Then
e i€1
g (AN Xi) S g (4).
=4

Definition 2.16 Let (gXi,qs) be a ¢s- space and 4 @D x;. The kemnel ¢gs- of 4

i€
denoted as Kys , is defined by Kgs (A)—m{V:AgV andV €¢s- 0(®Xi )}
i€l

Note 2.17 Let (@Xi,qs) be a gs- space and 4@ x;. Then

i€l
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1. Kgs (4) € QS~0(('BX1') ,

i€l

2. O C Kygs (Q),
3. Kys (@Xi):®Xi.

i€l i€l
Theorem 2.18 Let (@IXl-,qs) be a gs -space and A4,B are nonempty subset of

@ X;. Then

iel

1. AC Ky (4),

2. 4e qS-O((‘BXi) then A=K (4),

i€l

3. Kgs (qu (A)):qu (4),

4. AC B Then K¢ (4)c Ky (B)
5. Kgs (4UB) =Ky (4) UKy (B),
6. Kgs (AnB) =Ky (4) N Ky (B).

Theorem 2.19 Let (_@IXi,qS) be a ¢s- space and 4 < @D x;.Then

i€l
UKg (AnXi) S Kys (4).
el
3. Main Results
In this section, we discuss on ¢, - continuity ¢¢- open and ¢, - closed maps and ¢ -

homeomorphism on ¢ - space.

3.14- continuity

Definition 3.1.20 Let({® X,,qs|and (@ Y,.q: |be a ¢ - space. Then a mapping
el ! jeJ J qs s
f:(ie@IXi,qS)%(]%Yj,q;)is - continuous on (gXi’qs) if the inverse image of every ¢

- open set in (@JYJ,q;) is gs- open setin (@]Xi,qs).
JE ie

Example 3.1.21 Let

1={1,2}.X,={a.b}. X, ={c.d}.q {{a}.{a.b}}.0, = {{d}.{c.d}}.
O, = X = {abed) T ={5).7, =k}, =}, = e fe kP, =) A1)
JGEBJY =Y ={e,k,g.h},

qs ={{a,d},{a,c,d},{a,b,d},{a,b,c,d}}

q; ={{e.g}{eg.h}.{e.k.g}. (e k.g. )}
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Let  f:X —Ydefined by f(a)=e,f(b)=k,f(c)=h,f(d)=g. Then
! ({e,g}) = {a,d},f‘1 ({e,g,h}) = {a,c,d},f‘1 ({e,k,g}) = {a,b,d} and
7 ({e,k,g,h}) = {a,b,c,d}. That is the inverse image of every ¢ - open setin ¥ is
g - open set in X . Therefore, fis ¢ - continuous.
Theorem 3.1.22 A mapping f:(g Xi,qs) —>(J_(J€DJY].,q§) is ¢ - continuous if and

only if the inverse image of every ¢ - closed set in GL)JYJ is ¢ - closed in G?Xl-.
Jjé ie

Proof: Let f be ¢ - continuous and F be ;- closed set in @Yj.That is

jeJ

@Yj-F is ¢y - open in @JY]..Since f is ¢ - continuous, f’l(GBJijF)is qs- open in
J&€ JE.

JjeJ

® X, Thatis , _@IXZ.—f"(F) is gg-open in G?Xi.Therefore, f_l(F) is ¢s- closed in

iel
DX..
iel

Conversely, let the inverse image of every ¢ - closed in @JY/ is gg- closed in
Jje

®X, Let G be gg-openin @Y,.Then®Y, -G is gs- closed set in @Y, Then ,
jeJ J jeJ J JjeJ J

iel

f’l(jGE-)JYj— G) is gg-closed in @X; . That is yjeer)JYj—f’l(G)is qg- closed in @ X;

iel
.Therefore, f_l(G) is ¢g-open in I_E(-B[Xi. Thus, the inverse image of every ¢,- open set in
DX, #

iel

@Y, is ¢g- open in® X, Thatis / is g~ continuous on
Theorem 3.1.23 A mapping f': (SXi,qs) — (}_(BYj,qg) is (g - continuous if and only
if f(cqs (A))g Oty (f(A)) for every Ac DX,
Proof Let f be ¢- continuous mapping and 4 < ®1 X, Then f(4)c jE@J Y;s0
cq,s (f(A)) is g5 -closed set in JC?JYJ since fis ¢ -continuous mapping, we have
! (cq's (f(A)))is gs- closed in @ X;. Since
f(A) c cq’s (f(A)) = Acf” (Cq's (f(A))).Thus f (cq,s (f(A))) isa ¢,-closed
containing 4 .But, Cyg (A4) is the smallest ¢s- closed set containing 4. Therefore Cqgs (4)
c f"(cq,s ( f(A))) That is f(cqs(A))gcq,S (7(4)).
Conversely, let f(cqs (A)) gcq,s (f(A)) forAc X, If Fis g - closed ingr)JYj

since f’l(F)gle(-BIXl- , f(cqs<f71(F)))gcq's(f(f’l(F)))gcq’s(F)'
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That's cgg (£ (F)) < f~1(cq,s(F)): FF). But £ (F) cogs (£(F)):
Hence, cqs(f’l(F)):f’l(F).Therefore, F(F) is g closed in @ X, for every qs-

closed F' in @Y,. By Theorem 3.1.22, we obtained /" is ¢ - continuous mapping. #.

jeJ
Remark 3.1.24 If f:(%Xi,qS)—)(JCBYj,q;) is g,- continuous, then f(cqs (A)) is
not necessarily equal to cq,s (f(A)) where 4 c ze®1Xi' For example,
Let 1 ={12},X, ={a,b},X, :{c,d},_@])(i ={a,b,c,d},

g, ~{{a} {ab}}.q ={{c} {ed}}.
o= {{a,c},{a,c,d},{a,b,c},{a,b,c,d}},
J={345}.Y, = {e g} Y, = {h}.Y, = {ks},
g, ={{e}}.q, = {{n}}.q; = {Kk} . {ks}},
q. = {{e,h,k},{e,h,k,s}}_
Let f:(,@Xi’qS)_)(%Yj’q;) be defined by f(a)=e, f (b) =5, f(c)=h,f(d)=k.
We have £~ {e,h,k} ={a,c,d} € gq- O(@IXZ-),f’I{e,h,k,s}
={a,b,c,d) eqs-o(gxi).
Hence f is ¢y - continuous on _(-BIXZ..
Lot A= (B} @ X,y (A)= (b, 1B} =15} = 1 (4)= {5}y {5} = s}
Therefore, f(cqs (A))g o (f(A))
Theorem 3.1.25 A mapping f:(gXi,qS)ﬁ(_(-ijYj,q;) is g - continuous on @ X;

if and only if c,q (f" (B)) cf! (cq,s (B)) for every Bc ,(?JYJ

Proof If fis ¢g- continuous and B Q}%Yj! We have ¢ (B)is gg- closed in J%Yj
and hence f’l(cq,s (B)) is gg- closed in ng Therefore
Cgs [ e (cq,S(B))]: I ey (B)) Since B e, (B) we have £ (B)< £ (¢, (B)).
Therefore c s 7 (B) < cys (f‘l (cq,s (B))) =1 (cq,s (B)).That is ¢ f ' (B) S (cq,s (B))
Conversely, let ¢y f ‘(B f 1<cq,s (B))for ngYj' Let B be ¢g-closed in

® Y, then cq,S(B) = B. By assumption, cq (f’l (B))gf’l(b’). But /' (B)Ccys (f’1 (B))

jeJ J
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therefore ¢, (f" (B)):f’1 (B). That is, S7(B) is g- closed in ® X; By Theorem 3.1.21

we have f in gg- continuous on © X. #.
iel

The following theorem establishes a criteria for ¢ - continuous mapping of inverse

image of ¢ - interior of a subset of @Y.
JjeJ

Theorem 3.1.26 A mapping f:(gXi,qs)—)(j%Yj,q;) is ¢ - continuous on I_e(-BIXi
if and only if £ (iq's (B)) =iz (f—l (B)) for every subset B of gYJ

Proof Let f be gy~ continuous mappingand B @Y, .Then 7 (B)is q- open in
jeJ

. . . .
II_€®JYJ-.Therefore f (zq,s (B)) is gg-open in l_e(-Ble-.That is,

! (iq,s(B)) ( ( (B ))) Also, i, . (B)=B implies thatf"(iq,s (B)):(f’1 (B))
Therefore, qu|: } qsf )-Thatis £~ (z’q,s (B)) =lgg (f’l (B))
Conversely, let ! (iq,s (B)):zq ( (B)) for every subset B of %Y If B is qg-

open in ]EGBJYJ then iq,s(B):B. Also, f’l(iq,s(B)):f’l(B)_ By assumption we have,
f’l(B):iqS(f’l(B))_ Thus f_l(B) is ¢s-open in I@Xi for every gg-open set B in
(—BJYJ..Therefore fis gg- continuous by Definition 3.1.20. #.
Jje

The following theorem establishes a criteria for ¢g- continuous mapping in term of

inverse image of ¢ -kermnel of a subset of @ Y ..
JjeJ

Theorem 3.1.27 A mapping f:(@Xi,qS)%(@) Y]qg) is gg - continuous on @in

ifand only if /™ (kgs (B)) < kgs (/7 (B)) for every subset Bc @7

jeJ

Proof Let f be ¢ - continuous mapping and B < @Y, Then kq,s (B)is qj- open
Jje
n (@JYj,q;).Thereforef*l (kqs (B)) is ¢g-open in (@X,,q's).That is,
J& ie

f"(kq,S(B)):f’l(B)gkqs (£ (B)) implies that f’l(kq,s (B))gkqs(f1 (B)). #
In the following theorem we establishes that ¢g- continuous maps in term of the

arbitrary union of ¢/, of f(4)and ¥, €.

N

Theorem 3.1.28 A mapping f:(_@le.,qs)—>(® Y., q ) be ¢y - continuous on @ X,
i€, Nz

g ]’ iel

if and only if f(ch(A)) uc, (f(A)ij)

jeJ qs
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Proof : Let f be ¢ - continuous and 4 C .@,Xi' So f(4)c Qr)JYj,By Theorem
ie. Jje
3.1.22, we have, f(cqs (A)) C Cys (f(A)) C WG, (f(A)ij).Hence

jeJ 4%
f(cqs(A)):jE\JJquS( (4)nY;).

Conversely, let f( U f(A)mY) for AC@X Let F is gg- closed

eJ

(4))=32
in @Y, we shall prove that f ( ) is gg- closed in @X
Y

jeJ
By assumption f(cqs (f (F))) ) C s (f( - (F))ij) S Yy (mej)gF.
Hence(cq,s(f’l(F)))g(f’1 (F)),but FH{Flcg, (f"(F)).So cqs( ’1(F)):f’1 (F).
Thus,f_l(F)is g - closed in @IXI-. By Theorem 3.1.21, we obtain f is gg- continuous. #.
Theorem 3.1.29 A mapping fi(@IXi»%)—’(@JYj:q;) is ¢g-continuous if and only
ie J€E

if @ (f’l (B)) cu (cq,sf’l (Bij )) for every subset B of @Y.

jeJ jeJ
Proof Since I ( (BnY, ))Qf_l(cq; (B)) for ¥, c @Y,, by Theorem
JjeJ
. -1 -1
3.1.25 we obtain ¢, (/7 (B))c o /™ (¢, (BY)). "
Theorem 3.1.30 A mapping f:(_G?Xl.,qs)%(_@JYj,qg) is gy - continuous on -@1Xf
ie JE ie )
if and only if lei :X; =Y, is ;- continuous on gXi.
Proof Let f be ¢g- continuous mapping on _@X,- and X; g_@?Xi. We have
f(Xi)g @JY let f( ) j»therefore f*is a mapping of X; into Yj- So we obtain,
Jje
flx. : X; —> Y, Is g;- continuous mapping on ;.
1
Conversely, Letf|XV (X, —)YJ be g, -continuous mapping. Clearly
ufi=fDX, > @Y be ¢g- continuous mapping.

iel iel

Note 3.1.31 By Theorem 3.1.30, we can say, if a mapping f is ¢g- continuous on

i(?in’ there exist a mapping lei :X; >Y, is g,- continuous on X;.

Definition 3.1.32 Let (@Xi,qs)be a (¢g- space and Ag@Xl-. is said to be ¢g-

dense in @ X; if ¢, s (4)=DX;.
iel

iel

Example 3.1.33 Let
1={1,2}.X,={a.b}. X, ={cd}.q, = {@.{a}.{a.b}}.4,

We have ie(_DIXi :{a,b,c,d} and (g —C(i('BXi)are {{b,c},

l |

(@.(c}.ea)}.
{

b}.{c}.{a.b,c,d}, D}
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Let A ={a,b,c},we have cgq (4) :gXl.,henceA ={a,b,c} is gg-dense in ie(_Bin'

Note 3.1.34 By Definition 3.1.32, and Example 3.1.33 we see that the ¢, - dense in
gXi if Jeq _O(,-E@IXI')' That is, @eqi—O(X,-). forevery iel.

Theorem 3.1.35 Let a mapping f:(gXi,qS) %(%I/qu) be a ¢g- continuous
and onto. If 4 is gs-densein ®.X; then f(4) is g4- dense in Y.

Proof Since 4 is ¢¢- dense in gXi, we have ¢4 (4)= ,-C@1Xi .Thenf(cqs (A))z
7
f (cq,s (A)) Therefore JER/A=L (f(4)). But Cys (f(4)< . Therefore,
(f(4))= @Y, thatls 7 (4) be gg- dense n®Y,. #.

@XZ.) = ](?JYJ since fis onto. Since f is ¢ -continuous on ng’ f(cqs (A)) c

iel

c,
q's
3.2 q4- open and (- closed maps.

Definition 3.2.36 A mapping f:(gXi,qs)a(j%Yj,qg)is a ¢g-open map if
the image of every ¢ - open set in gXiis q;- open inj(;BJY}. The mapping f is said to be
a q-closed map if the image of every - closed sets in @ X; is ¢ -closed n®Y,.

Example 3.2.37 Let I={1,2},X1 ={a,b},X2 ={c,d} .q, ={{a}},q2 ={{c},{c,d}}
and J = {3.4).7, = {e.g} . = {1k} q, = {{e}}q, = ({4}, (1.3}

Wehave @ X, ={a,b.c.d}. ©Y, ={e.g.h.k} 4y ={{a,c}.{a,c,d}} and
qs = {{e,h},{e,h,k}}.

Letf:([_gGBIXi,qs)»(/@Yj,qg)deﬂned by f(a)=e,f(b)=g.f(c)=hf(d)=k
We find that the image of every ¢ - open in SXIT is gg- open inj(—EBJ Y,. Therefore, fis
a ¢g- open map.

Theorem 3.2.38 A mapping f (@3 qus)—> (jeg Yj,qg) is a gg- closed map if and
only if ¢, (f(A)) c f(cqs (A)) forevery A ©X;.

Proof If fis ¢- closed map then f(cqs (A))is gs- closed in @ Y;, since cgs (A)is
qs- closed in @ X;. Since A < ¢y (A),f(A)gf(cqs (A)).Thus f(cqs(A))is g - closed

set containingf(A). Therefore, Cys (f(A)) c f(cqs (A))
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Conversely, if ¢, (f(A))gf(ch (A)) forevery AC@X;. Let F s - closed in

® X;;, then ¢y (F)=F and hence f(re cq,sf(F)gf(ch (F))=f(F).Thus, f(r)=

iel

Cys (f(F)) That is, f (F)is g closed in 7, Therefore, £ is a ¢g-closed map. #.
jes
Theorem 3.2.39 A mapping f : (gX,-,qS)% (1(13])’,,%) is ¢g- open map if and

only if f(iqs (A)) c iq,s (f(A)) for every AC @IXi.

Proof Let f be g- open and let AC @ X, We know that / (igs (4))is ¢- open
set. Since fis a ¢g-open mapping,f(iqs (A))is gg-open Sinceiy (A)c 4, we have
Figs ()= 7 (4), i (igs(4)) i o (4).Since £ (igs (4))isgi-openwe  have
F (i (A) iy, (7(4).

Conversely, letf(iqs (A))giq,s (f(A)) Ac®X; and let G be any gg- open
set, so that igG=G.Then f(G)=f(igs(G)) =i,/ (G)(by hypothesis). But
i/ (G) = /(G). Hence £ (G) =i . (f(G)). Therefore f(G)is g- open. #.

3.3 q¢- homeomorphism

Definition 3.3.40 Let (@Xi,qs)and ((—BJY],q;) be ¢qg- space and let fbe a
iel Jje
mapping of @,Xz‘ into @Y,.Then fin said to be ¢g- homeomorphism if and only if
ie JjeJ
1. f'is one-to-one and onto,
2. f'is gg- continuous,
3. s g - continuous.
Example 3.3.41 By Example 3.2.37, we have fis ¢s- homeomorphism.

Theorem 3.3.42 Let f:(@Xi,qs)—)(@]Yj,q&) be an identity map then fis ¢g-
ie JE

homeomorphism.
Proof Let fis identity map given
f(x)=x vxe®X,.
Let G < @ X, be arbitrary ¢- open set. Then 7(6)

iel

{xegXi:f(x)eG}.

{xe@Xi:f(x)eG}.

iel
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So that £ (G) is g¢-open in @Xi. Therefore f'is g4 - continuous map.
Let Ge .@,Xi be arbitrary ¢4- open set. Moreover f'is one-one, onto. Hence f

is ¢g- homeomorphism. #.

Theorem 3.3.43 A mapping f:(@IXi,qs) —)(@JYj,q:q)be s - homeomorphism if
ie Je

and only if f‘X- :(Xl-,qs)ﬁ(}’j,q;) is ¢; - homeomorphism.

1

Proof Since f is one-one, onto so that f is one - one, onto also. By Theorem 3.1.30

we have f‘X is g;- homeomorphism. #.
i

Theorem 3.3.44 Let fi(@IXl-,qS)%(GBJYj,q;)be one - one and onto map. Then
ie Jje

the following statements are equivalent:
i. fis gg-openand ¢g- continuous,
ii. fisa ¢g-homeomorphism,
iii. fis qg-closed and continuous.
Proof i. =ii. : Let f'be ¢g-open and ¢g- continuous. To prove that fis a ¢g-

homeomorphism, We have to prove that
1. f'is one-one onto,

2. f"is gg- continuous,
3. fﬁlis g - continuous.

By assumption 1. and 2. at once I‘OLLowjk1 ; (JCBIC,QS~)—>(SXI-"JS). Let Gegy,
then (f’1)71 (G)=f(G).Since fis qg- open, hence G €qj :>f(G) € g. Thus, it given
any GE€¢g, we can show that (f’l)il(G)eqs. It follows that f is gy - continuous.
Hence the result 3. To prove ii. =iii. : Let f be a ¢4- homeomorphism. To prove that

fis g4-closed and ¢g- continuous since f'is ¢g- homeomorphism, we have f'is ¢g-

continuous.
Let I’ be a gg-closed subset of ie(-BIXiso that l_e(-BlXi-FeqS.Since, fis qg-

homeomorphism, we have f_1 1(@1Yj,q&) —)(@IX,;,C]s)iS - continuous
Jje ie

where ie(‘BIXi—FeqS D(f’l)il((-DXi—F):f(ie(-BlXi—F)qug.

iel
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= f(8x,)-1(F)ed;.
= @Y~ f(F)eds.
= [(F)is q4- closed.
Thus Fg,-e@in is qg- closed = f(F)is g - closed.This proves that f is ¢ - closed map.

To prove iii. =i. Let f be a gg- closed and ¢ - continuous map. To prove that f
is gg- open and (- continuous. By assumption, fis gg- continuous. Let GG be ¢g- open

subset of @ X, That is @X,-Gis a ¢z-closed subset of @ X;. Consequently
iel iel iel

f(@raXl- —G)is g5 - closed subset of GBJYJ For f'is given to be ¢, - closed
ic Jje
Now /(©X,-G)=f(@X,)-1(G).
=97,-/(G).
Hence, ®7Y; —f£(G) is qy- closed, so that f(G)is gy open. Thus G e DX is
Jje ic
g - open, we obtain f(G)is qs- open. Therefore fis ¢g- open. #.
Theorem 3.3.45 Let f(@l Xi,qs) —>(®JY],q;) be one-to-one, onto. Then £ is
ie je
q - homeomorphism if and only if f(cqs (A)) =G (f(A)) for every subset 4 of ig(_BIXi'
Proof : If f'is gg- homeomorphism, fis ¢g- continuous and ¢y - closed.

If A ggXi’ f(cqs (A))gcq,s (f(A)) since f is ¢g- continuous. Since ch(A) is

qs-closed in ® X, and fisqs —cLosed,f(ch(A))is gs-closed in®Y;and
ic icj
€ s (f(A)) ST (f((cq,SA))) = f(cq,s (A)).Therefore, C s (f(4)< f(cq,s (A)) Thus
I (cqs (4)) = s (£ ().
Conversely iff(cqs(A))=cq,s (f(A))for every subset 4of®X;, then fis gs-
continuous. If A4 is ¢g- closed in @IXZ.,ch (A)=A4 which implies f(cqs(A)):f(A).
Therefore € (f(A)) =f(A4). Thus, f(A) is qg- closed in gYifor every (- closed set 4

in l_e(-BIXl-. That is f is gg- closed. Also, fis (- continuous. Therefore fis a ¢g-

homeomorphism. #.
Theorem 3.3.46 one-to-one onto map Jf: (@Xl-,qs ) - ( @J Yj,qu ) is a gg-
ie je

homeomorphism if and only iff(iqs (A)) = (f(A))VA c®X;
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Proof Suppose fi(_("%X,-,qs)%(@]%,%)is one-to-one onto map. Also suppose
ie Jje
that 4 ¢ G—%Xi is arbitrary.

i Suppose £ is a g5~ homeomorphism. To prove f(iqs (A)) =iq,s (f(A))

fisa gg- homeomorphism = f'is g4 - continuous.

and f_1 = g (say) is gy - continuous,

fi=g=f=¢"

Let B=f(A), then Bc®y,

's
o Pttt

=i (f()ef(ig(4). (1)
Similarly, g: @ Y; - @ X;is q4 - continuous, B ;.

= igs (2(8)) = 2ig (B)).

=gy (£ (4)) =iy (1))

=/ (qsf( ))— qs(ffl(f(A)))'

o i ()i (7). o

Combining (1) and (2), We get the required result.
ii. Conversely, Suppose that iq,s (f(A))=f(iqS (A)).To prove that fis -

Bc @Y fis gg- continuous = f~ (1q,v(b’)) T ’I(B)).

7 (i () i (17 (£(4))):

homeomorphism, we have to show that fis one-one, onto, fis ¢,- continuous

-1 ) . )
and f is g, -continuous. Follows from our initial assumption, we have

i (/(A) S (igs (4)), e 3)
and  /(igs(4)) iy (F(4). @
et /7 =gsothat & =1 By @ =g (igs(4)) i, [/ (4)].
=g is g§- continuous by Theorem 3.1.22.

-1 .
= fis g - continuous. #.



pausRaUETIa memasy | 13EsIInsRaUraRsLasinemans avninenaesndagdenl
racury oF awrs awo scewce | i) g aliudl 2 nsngian-sunAN 2564

201

Conclusion

The purpose of this paper was to study the continuity on the quasi generalized weak

sum space (briefly, g, - space ). As the result we found that, we can study this continuity via
dq, - continuous function and discuss some of its properties in terms of ¢, - open, ¢, - closed

, 4, -Interior (l'qs) , 4, - closure (Cqs) and {; - kernel (kqs). Furthermore, we discussed some

properties in terms of the arbitrary union of 4; - closure (¢, - kemnel) of intersection for any
set A4 andX,-. In addition, we discussed ¢, - open, (- closed mapping and also ¢;-

homeomorphism. In the future we will generalize continuity on ¢, - space.
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